Introduction
For x ∈ Z + , it is known (see e.g. [1] ) that if π(x) is the number of primes≤ x, then (1.1)
lim x→∞ π(x) x log(x) = 1 meaning in the general sense that the relative error of approximating π(x) by x log(x) approaches 0 as x approaches infinity. Several better approximations to π(x) for x 10 25 are given for example by the offset logarithmic integral or Eulerian logarithmic integral (see e.g. [2] ) ( 
1.2)
Li(x) = li (x) − li (2) = Other approximation formulas to π(x) include Legendre's [4] , Lehmer's [5] , and Meissel's [6] .
Values of π(10 n ) are known for 1 ≤ n ≤ 25 (see [7] ). The values of π(10 24 ) and π(10 25 ) were calculated relatively recently, respectively in 2010 [8] and in June 2013 [9] .
In this paper, we propose a simple method based on polynomial interpolations of the known 25 first values of π (10 n ) introducing two corrective functions to calculate a conjectured value of π 10 26 .
Method
The method we use includes six steps, some involving interpolations with coefficients a i,n ∈ R and i, n, x ∈ Z + , are calculated by polynomial interpolations over the values of π(10 n ) up to n for 2 ≤ n ≤ 25, yielding 23 polynomials, given in Appendix 1, such that the equality (2.2) π(10 x ) = P n (x)
holds exactly or 1 ≤ x ≤ n.
Step 2: For each value of n until n = 24, the next value for x = n+1 is calculated by (2.1) yielding P n (n + 1) and compared to the value of π(10 n+1 ). The relative differences
are then calculated. As P n (n + 1) < π(10 n+1 ) for 2 ≤ n ≤ 24, δ n+1 is such that 0 < δ n+1 < 1 and decreases with increasing values of n (see Fig. 2 .1).
Step 3: For each set value of n, corrective functions Φ n+1 in the form of continued fractions
with coefficients c i , K ∈ R and i, n, x ∈ Z + , 1 ≤ i ≤ n − 2, are calculated by Thiele interpolations over the (n − 1) values of δ n+1 for 3 ≤ n ≤ 24, yielding 22 corrective functions Φ n+1 . The coefficients c i and K of Φ n+1 for n = 24 are given in Appendix 2.
Step 4: The predictive power of using the 22 corrective functions Φ n+1 to calculate a next interpolated value of π(10 x+1 ) knowing the first x values of π(10 x ) with 1 ≤ x ≤ n for all values of n, 1 ≤ n ≤ 24, is verified by taking the nearest integer to (P x (x + 1) / (1 − Φ n+1 (x + 1))) and compared to π(10 x+1 ). It yields that the equality
holds exactly for all values of 1 ≤ x ≤ n and of n, 1 ≤ n ≤ 24, where Φ 4 should be taken for 1 ≤ n ≤ 3 and Round(X) is the nearest integer to X (X ∈ R).
Step 5: To interpolate the next unknown value for n = 26 of π(10 26 ), as Φ 26 is obviously unknown, we use a relation similar to (2.5) with x = 25 and Φ 25 instead of Φ 26 , to obtain a very approximate interpolated value of π(10 26 ) (2.6) Round P 25 (26) 1 − Φ 25 (26) = 1699246738822618041025224
Step 6: To improve this interpolation, we have to find an additional correction to the corrective function Φ 25 . We performed a similar interpolation in May 2013 (unpublished) on the first 24 values of π(10 n ) before the announcement of the calculated value of π(10 25 ) = 176846309399143769411680 by J. Buethe, J. Franke, 
To estimate the error made by using Φ n instead of Φ n+1 in (2.5) when interpolating to find a value of π(10 n+1 ), the relative differences δ n+1 are calculated for 4 ≤ n ≤ 24, yielding 21 relative differences δ n+1 (2.8), whose approximate values are reported in Table 1 . Their absolute value decreases with increasing n as shown in Fig. 2.2 .
Assuming that δ n+1 continues to decrease with n, an interpolated value of δ 26 10 −8 can be expected. A new Thiele interpolation over the last five values of δ n+1 for 20 ≤ n ≤ 24 yields a second corrective function |ψ n+1 (n)| 
Discussion
It is interesting to compare this value range to those values obtained with the approximating functions of Section 1. Table 2 shows for 24 ≤ n ≤ 26 the values of Round 10 n log(10 n ) , Round (Li(10 n )) (1.2), Round (R (10 n )) (1.3) and the associated relative differences
where f (n) is either 10 n log(10 n ) , or Li(10 n ), or R (10 n ), and where π(10 24 ) = 18435599767349200867866 and π(10 25 ) = 176846309399143769411680. Note that in calculating R (10 n ), the summation in (1.3) is made for 1 ≤ j ≤ 1000, as the value of R (10 n ) does not change for higher values of j, due mainly 
Round (R (10 n )) (1.3) for 24 ≤ n ≤ 26 and associated δ n (2.12) 
Conclusion
We proposed a simple method to interpolate a conjectured value of π 10 26 , based on polynomial interpolations of the known 25 first values of π (10 n ) with two corrective functions, the first based on a Thiele interpolation of the relative differences of the exact and interpolated values of π (10 n ) and the second obtained by a new Thiele interpolation of the last five values of the relative differences of the exact and interpolated values of π (10 n ) with a previous value of the first corrective function. The range obtained for the conjectured value of π 10 26 contains those values calculated by the Eulerian logarithmic integral and with the Riemann functions.
Appendix 1: Polynomials P n (x) for 2 ≤ n ≤ 25
2 − 162x + 105 
